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Abstract

The physical concept of entropy as it is used in thermodynamics is re-
lated to the mathematical formulation of a Shannon entropy. Usually only
the Shannon entropy of equilibrium distributions such as a canonical distri-
bution is considered. Large deviations statistics goes beyond that framework.
Entropies are considered for arbitrary distributions or physical states, and
they describe, e.g., “how fast” nonequilibrium distributions and states “die
out” with increasing number of degrees of freedom or increasing number of
particles. Hence the concept of an entropy acquires a new meaning, referring
to the statistical fluctuations in collectives of empirical events. In the partic-
ular case of experiments with independent and identically distributed (i.i.d.)
events, Shannon entropy can be shown to play its usual role (Sanov’s theo-
rem). Jaynes” maximum entropy principle, important in statistical physics,
is a consequence of Sanov’s theorem and thereby obtains a precise interpre-
tation. In the general case of non-i.i.d. events, all sorts of (even non-convex)
entropies can arise. As illustrative examples, large deviation statistics of phase
transitions and multifractals are addressed.



1 What Is a Large Deviation?

1.1 Heuristic Introduction

The term “large deviation” basically refers to deviations of an empirical average over
some distribution from the corresponding theoretical expectation. Assume, e.g., that
seven throws of a dice lead to the result (4,6,6,2,1,6,5). Then the empirical average

is given by
1
?(4—|—6—|—6—|—2—|—1—|—6—|—5):4.2857 (1)
and the empirical distribution is given by
11 113
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since 1 arises with empirical probability 1/7, ..., and 6 arises with empirical prob-

ability 3/7. The mean theoretical distribution which we expect to arise for a large
or infinite number of throws is

111111
(8’8’8’8’8’8)’ (3)

with a corresponding mean value of

1
SL+243444546) =35, (4)

Deviations from the mean theoretical distribution and its mean value abound for
a small number of throws (in the case of a dice) or for a small number of particles (in
statistical physics). When the number of throws increases, large deviations typically
die out soon, e.g., if the throws are strictly random. How “fast” do deviations from
a mean value disappear with increasing number of random throws? A typical large
deviation result is the following. Let w be an arbitrary series of N random throws
and let X;(w) be the result of throw number j. Then the corresponding mean value
is given as

uz%;&w» (5)

for the individual time series w of random throws.

Call QV[a, b] the probability (computed by consideration of all possible individual
time series) to find the mean (5) in the interval [a,b]. By the weak law of large
numbers, one knows that

lim QV[a,b] =1, (6)

N—oo

if the most probable mean value, say p,, is contained in the interval [a,b], i.e.,
a < p, < b. Alternatively,

lim Q¥[a.b] =0, (7)
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if the most probable mean value g, is not contained in the interval [a,b]. In the
latter case, the time series w shows large deviations, i.e.,

%;xj(w)—uo 0. (8)

Under appropriate conditions (e.g., if the throws are strictly random), these large
deviations “die out” for a large number N of throws.

In large deviations statistics, this heuristic reasoning is made precise. In partic-
ular, it is shown that

Q" ([a,0]) ~ exp(=Nljup). (9)

where the scalar I, fulfills
Iy =0 (10)

if 11, is in the interval [a,b], and where
[[a,b] >0 (11)

if 116 is not in the interval [a,b]. In the latter case, Q™ ([a,b]) goes to zero exponen-
tially with increasing number IV of throws. The constants I, ), which are different
for different intervals [a, b], can be summarized in one function / : R - R

Tlap = xélﬁzf:b] I(x). (12)
This function I (which must be shown to exist) is a large deviation entropy. It can
be used to characterize the behavior of a system in space and time in terms of fluc-
tuations around a mean value. Depending on whether the variables are independent
or non-independent, random or partially non-random, etc., one gets different char-
acterizing entropies. The entropy changes, for example, if the behavior of a system
changes from random behavior to (partial) correlations between different events.

1.2 Fluctuations Around Mean Values

In this section the preceding introductory remarks will be backed up more formally.
Another presentation emphasizing the physical background can be found in an article
by Lanford (1973).

Let us start with a “classical” example and consider an ensemble of N particles
of identical structure with M possible energy levels with energies ¢1,¢e5,...,p. In
this example the state space 0y of N particles is taken as the Cartesian product
of the N state spaces of the particles, i.e., Qy = {&1,¢9,...,ea}". States of the
ensemble as a whole in Qy will be denoted by w. Then X;(w) € {e1,e2,...,em},
g = 1,2,.... N, is the actual energy value of particle ;7 in the ensemble state w.



While the number M of possible energy values is fixed, we keep the number N of
particles variable and study how the fluctuations of the specific energy

u(w) = ZFlTW (13)

in an ensemble change with increasing number of particles. Typically it is pre-
supposed that, e.g., the energy shell and/or certain expectation values are fixed
for the total system. Moreover, the energies X;(w) and Xj(w) of different par-
ticles are assumed to be independent and identically distributed with probabil-
ity o = {p1, pt2, - ., piar }- The particular case

M, (14)

of an equidistribution of energies is typically considered in statistical mechanics,
when one derives the (Boltzmann) population distribution over energy levels.

The product probability measures are denoted by V. How is the specific en-
ergy (13) distributed (for some fixed N), and how does this distribution change
with increasing number N of particles? (Note that these questions correspond to
questions as to how pure states in quantum mechanics are distributed and how their
distribution changes with increasing number of degrees of freedom.) Heuristically
we expect that

Z;\le Xj(w)

M
~E = 15
N g kZ::le@k (15)

and that the probability to find large deviations, i.e., states w of the N-particle
ensemble such that

> Nn (16)

;Xj(w) — N¢&

goes to zero with increasing number N of particles. Here 7 is a fixed positive scalar.
Large deviations theory claims that the respective probability to find large deviations

/,LN{w:

Here, the positive scalar [, is a large deviation entropy. It is related but in general

behaves as
N

ZXJ‘(M) — N¢&

i=1

> Nn} ~ e NI, (17)

not identical to the usual thermodynamic entropy.
The classical problem outlined above has been solved by Cramér (1937). The
solution is reviewed here in a simplified way. Define the “Massieu potential”

o(y) lim % In (/QN exp {y ZXj(w)} dMN) (18)

N—o0 :
J=1

= m/g exp{yXitdu, yeR, (19)
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using the independence and identical distribution of the energies X;. Denote now
the Legendre transform of the Massieu potential ¢ = ¢(y) by 1,

I(e) ¥ sup {ye — o(y)}, (20)

yER

and call it an entropy. Let furthermore
1N
Qi) = oty Ty Nwelall e
=1
denote the distribution of the mean 1/N "N | X.. Then Cramér’s result is that

QN([el,eg])NeXp{—N inf [(e)}. (22)

e€ler,ea]

If the variables X; are energies of independent particles, the Massieu poten-
tial ¢(y) corresponds to the usual thermodynamic Massieu potential

L M
thherm(ﬁ) = _kﬁf = ﬁ InZn = klﬂz e_ﬁsi ’ (23)

=1

where f is the specific free energy, and k is Boltzmann’s constant. The only dif-
ferences between the thermodynamic Massieu potential ¢iherm(3) and the Massieu
potential ¢(y) used in large deviation statistics are their sign and normalization
conventions.

In other situations, the mathematical Massieu potential ¢(y) may be a Gibbs
free energy (modulo ), or an f(«a)-spectrum in the multifractal formalism (Bohr
and Tél 1988, Oono 1989), or the spectrum of Lyapunov exponents of a dynamical
system (Peinke et al. 1992). It also arises in the contexts of dynamical systems
(Deuschel and Stroock 1989) and the quantum mechanical measurement problem
(Amann 1994).

Cramér (1937) derived an important result for the probabilities Q™ ([e1, 3]) and
Q" (]ei, e3]) to find the specific energy (13) in some arbitrarily chosen closed or open
interval [eq, ey]:

lim sup%ln QN ([er, e2]) < — (eeiﬂf [(6)) )

N—sco le1,e2]
| )
h]\fnilogfﬁln QN(]eh 62[) = (66]12%162[[(6)) ‘ (24)

If the entropy [ is continuous at e¢; and e;, one may simply write

lim %m 0N (ler, e]) = — (eemf [(e)) , (25)

N—oo le1,e2]



and similarly for the open interval. These are mathematically more precise formu-
lations of

QNer,es] ~  exp {—N inf [(e)} : (26)
e€ler,en]

As mentioned above, the theoretical “reference” distribution p for N different
particles is typically chosen to be the equidistribution (1/M,1/M, ... ,1/M). Since
any distribution is acceptable from a mathematical point of view, Cramér’s result
can be applied to arbitrary “reference” distributions on the real numbers R or on

the finite set of energies {e1,¢2,...,ep}. In particular:

e If the random variables X; are normally distributed with variance o2, X; ~
N(0,c?), then the entropy is given by I(z) = 2?/(20?).

e If the random variables X; are exponentially distributed, X; ~ exp(#), then
the entropy is given by [(x) = 0z — 1 — In(fx) for x > 0 and [(z) =
otherwise.

Since the entropy function is the Legendre transform of a convex Massieu po-
tential, it is itself convex. This convexity of the entropy function is nice from a
mathematical point of view but unpleasant for certain physical applications. There
is no problem when the random variables X; are independent and identically dis-
tributed, a situation which gives rise to a convex entropy function. As soon as phase
transitions arise, however, the i.i.d. assumption is no longer satisfied (cf. Sect. 4)
and it is desirable to have non-convex entropy functions (cf. also Fig. 2 in Sect. 2.1.).

In thermodynamics, the Massieu potential depends on the inverse tempera-
ture # = 1/kT and is defined as ®(3) := —kBF, where F is the free energy (not the
specific free energy f as in eq. (23)). The conjugate variable with respect to k(3 is

0B(5) _ OKBF) . OF or\ ([ or
TAkE) T okD) ‘“wa(w)‘F%ﬁ(aT)v(a(w)) 27)
S

F + kB(=S) (— (%) ) = P45 =(U-TS)+TS=U ()

i.e., the inner energy UU. Hence a Legendre transform of the Massieu potential
provides the entropy S,

L(®) = kB(—U) — & = —kfU + kBF = kB(F —U) = —S. (29)

Consequently, the Legendre transform [ = [(u), depending on the specific energy u,
as defined in eq. (20) corresponds to the negative specific thermodynamic entropy s/k
up to appropriate (additive) normalization. The entropy [ is (typically) convex
whereas the entropy S is (typically) concave.



1.3 Formal Framework

The general scenario of large deviations can be compactly expressed by the following
formal points.

o Definition: A function [ : = — [0, 00] on a complete separable metric space =
is an entropy function if I is lower semicontinuous and has compact level sets.
Probability distributions {QV}, N =1,2,..., on a complete separable metric
space = are defined to have a large deviation property with respect to an
entropy function I from = into [0, o], if there exists an increasing sequence
{ay,as,...} of positive numbers which tend to infinity such that

lim supiln QN(K) < - (iﬂf [(51?)) ;

N—ooco AN ek
1 N :
lﬂlogfaan (G) > — (;gg [(:1;)) , (30)

where K is an arbitrary closed and G an arbitrary open set.

o Comment: The large deviation approach is very general, since = is an arbitrary
complete separable metric space. Often the space = is simply R? or even just
the real numbers R.

e Proposition: For independent, identically distributed (i.i.d) variables X : Q —
R, the entropy I describing the distributions Q% defined in eq. (21) is given
as the Legendre transform of the Massieu potential ¢ defined in eq. (18).

e The transition from the mathematical formulation to physics is often provided
by Varadhan’s lemma (Varadhan 1966): Assume that the probability distribu-
tions {QV}, N = 1,2,..., on the complete separable metric space = have a
large deviation property with respect to the entropy function I and the con-
stants {a,}. Assume furthermore that F' is a real-valued function on =. Then
the following result holds:

(a) Assume that sup,c= F'(x) is finite. Then sup, ={F(z) — I(x)} is finite and

lim —— m/ eNF@) ON (dr) = sup{F(z) — [(2)} . (31)

N—oo apn = rEX

(b) More generally, assume that F' satisfies

1

lim limsup — ln/ e t(@) QN (dr) = —cc. (32)
L—=co Noyoo an {F>L}

Then the limit (31) holds and is finite. In particular, if F' is bounded above

on the union of the supports of the {Q™V}, then (32) is satisfied and thus the

limit (31) holds and is finite.



o Consequence of Varadhan’s lemma: The sequence of probability measures

_ Jaexplay F(x)) Q¥ (dx)

NELAY = , ACEZEn=1,2,..., 33
R O AICAG o

has a large deviation property with respect to the entropy function
In(e) = (I() = F(2)) — inf{I(x) - F(2)} (34)

res
Here A is an arbitrary measurable subset of =, e.g. an interval [a,b] if = = R.

e Definition: Consider an R%valued random variable Y on the (complete sepa-
rable metric) space =. Then the distribution of Y with respect to a probability
measure () is defined as the probability measure Qy

Qyv(B) = Q{Y ' (B)}, (35)
where B is an arbitrary measurable subset of =.

o Theorem: Let w be a real-valued random-variable on R?. Then

LV (@)Qde) = [ w(y)Qy(dy) (36)

This result allows us to translate many problems of statistical physics into the
formalism of large deviation theory and to apply Varadhan’s theorem. Note
that in the large deviation setting and in Varadhan’s theorem one particular
space is used whereas in statistical physics the underlying spaces n change
with the number of particles. The variable y formally corresponds to (minus)
the inverse temperature.

1.4 Applying Varadhan’s Lemma

Let Q, N =1,2,..., be the distributions of some real variable z, e.g., the mean
energy of N—particle models, and assume that the QV fulfill a large deviation
principle with respect to the entropy [. Setting F(x) = ya, Varadhan’s lemma
implies that the respective Massieu potential can be computed as

) 1
oy) = lim — ln/ eV v QN (dx) = sup{zy — I(z)}. (37)
N—co ay R zeR
Hence the Massieu potential ¢ is the Legendre transform of the entropy I.
Assume, for example, that Yy is some “mean variable” of an N-particle system.
In an N-spin system, Yy could be the mean magnetization

1
N ¢

=1

YN(w) == Sz(w) (38)



of the spin variables S;(w) (with, e.g., values in {—1, +1} with probabilities u(—1) =
p(+1) = 1/2). We take the product measure ;" as the distribution of the N spins
and consider the distributions Q™ of the mean magnetization, defined as in eq. (35),

QV(B) =N {¥g'(B)} . (39)

for arbitrary measurable subsets B of the real numbers, e.g., intervals B = [a,b].
The distributions Q@ are distributions on the real numbers R. Instead of speaking
of spins with values in {41, —1}, we could also call this a dice with two different
possible values {+1,—1}. Energy considerations do not play a role for the definition
of the distributions @~ up to this point.

Assume now that there is a physical energy and that the mean value e = e(w)
of the N-spin system is a function h of the mean magnetization, ie.,

() = Yt = (2 80)) (10)

the total energy being F(w) = Ne(w) = Nh(Yy(w)). The canonical distribution of

the system states w with inverse temperature 3 is given as

Jac= e PPN (dw) ~ Jacs e PNIONED N (duw)

peans () = SN () e e PO ) (1)

As a consequence of eq. (36) we have
—BNh(Yn(w) N (g :/ —BNR(m) YN (g 42
frin© pN () = [ e VIQN ). (42)

for arbitrary measurable subsets B of the reals R, e.g., intervals B = [a, b]. Therefore
the canonical distributions anﬁ of the mean magnetization m are in a simple way
related to the distributions Q" of the mean magnetization, namely by

PN QN (dm)
Jp e PNHIQN (dm) ©
At this stage, Varadhan’s lemma can be applied: If the distributions @, N =

1,2,..., have a large deviation property with respect to the entropy function [ :
R — R then the corresponding canonical distributions QY N =1,2,... have a

(dm) = (43)

can,/3

can,3?
large deviation property with respect to the entropy function
L-om(y) = (1{y) + Bh(y)) — inf{I(y) + Bh(y)}. (44)

Therefore the entropy function I gives rise to entropy functions [” := I(_pp) depend-
ing on the inverse temperature 3. I” describes “how fast” particular energies die out
with increasing number of particles. For infinite temperature (3 = 0), the entropy
I° coincides with the original entropy /. An entropy [7 := I(_gp for some given 3
is not an entropy in the sense of phenomenological thermodynamics, but describes
the canonical distributions with changing number N of particles at temperature 3 .
The entropies I? show clearly that large deviation statistics provides an approach
more detailed than usual statistical mechanics (cf. Ellis 1985).
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2 Relations Between Large Deviation Entropy
and Other Entropies

2.1 Shannon Entropy and Jaynes’ Principle
of Maximum Entropy

In large deviations statistics, entropy describes fluctuations (e.g., around a mean
energy). It is not restricted to independent random observables or independent
particles . Moreover, in large deviations theory entropy is introduced as a statis-
tical quantity. There are two questions which come up immediately if one tries to
understand large deviation entropy in a broader context:

e What is the connection between the large deviation entropy I = I(x) of equa-
tion (12) and conventional entropies such as the Shannon entropy?

o What is the role of Jaynes’ principle of mazimum entropy within large devia-
tions statistics?

The concept of entropy even in its conventional sense is used in quite a vari-
ety of versions (cf. Wehrl 1978). A particularly important one among them is the
Shannon entropy for classical systems. It is the entropy of a probability distribu-
tion (pi,pas-..,pr), oo, pi = 1, whereas the entropy in equation (12) depends
on some real variable x, where z is, e.g., the mean value of dice throws or the mean
energy in a thermodynamic system or the mean magnetization, etc.

This mean value is the mean over some empirical probability distribution and
refers to some number N of experiments (throws of dice, particles in a thermo-
dynamic system, etc.). A simple example is the empirical probability distribu-
tion (1/6,0,2/6,1/6,1/6,1/6) for the results 1,2,3,4,5,6 in N = 12 throws of a
dice. This particular probability distribution gives rise to a mean value of 3.667 (by
contrast to the theoretical mean value of 3.5). The large deviation entropy /(3.667)
indicates “how fast” the probability to observe the mean value 3.667 goes to zero
with increasing N.

The Shannon entropy of the empirical probability distribution

(p1,p2y---,p0) = (1/6,0,2/6,1/6,1/6,1/6) (45)

is 1.5607 whereas the maximum possible Shannon entropy is log 6 = 1.7918. What
is the relation between the Shannon entropy of the distribution (45) and the large
deviation entropy [(3.667) of the mean value 3.6677 And what is the meaning of
the difference between the particular value 1.5607 of the Shannon entropy and the
maximum possible Shannon entropy 1.79187 Both questions will be addressed in this
and the subsequent section. It will be shown how the principle of maximum entropy
can be derived and refined within the framework of large deviations statistics. In
the particular case of independent and identically distributed (i.i.d.) events the
underlying mathematical result is Sanov’s theorem.
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A popular way of introducing entropy is information theory. Let us consider “ex-
periments” P and @) with collectives of events {ny,1n2,...,n.} and {o1,09,...,0M1}
and corresponding probabilities {py,ps,...,pr} and {q1,q2,...,qu}, respectively.
In order to quantify the information contained in these experiments by probabil-
ity distributions one can use a “measure of information” H(P) = H(p1,p2,...,pL)
or H(Q) = H(q1,q2,-..,qm). There are some conditions which such a measure of
information H should satisfy:

1. H is symmetric, i.e., H(pray, Pre2),---»prry) = H(pi, pa2, ..., pr) for any per-
mutation [;

2. H is extendable, i.e., H(p1,pa,...,pr) = H(p1,p2,...,p5,0);

3. H is additive for independent experiments P and @, i.e., H(PAQ) = H(P)+
H(Q), where P A @ is the experiment with the collective of events

{(771701)7 (771702)7 K] (772701)7 K] (nLvaM)}§

4. H is subadditive for non-independent experiments P and @, i.e., H(P AN Q) <
H(P)+ H(Q);

5. H vanishes, i.e., lim,, 1 H(p1,p2,...,pr) = 0, if the outcome of an experiment
is (almost) certain.

These conditions determine the measure of information H, up to some positive
constant k, as the Shannon entropy. The theorem of Aczél, Forte, and Ng (1974)
states (see also Aczél and Dardczy 1975): Assume that H is a measure of information
satisfying conditions (1)-(5). Then there exists a positive constant k such that

L
H(pi,pa,.-.,pr) = —k D pilnp;. (46)
i=1
The concept of a measure of “information” is not the only possible interpretation
of an entropy. As an alternative, Jaynes (1957a,b) has called H(P) a measure for the
“amount of uncertainty” represented by the distribution P. A broad distribution
represents more uncertainty than a sharply peaked one. Jaynes proposed to describe
a maximum amount of uncertainty by a maximum amount of entropy. Let us look
at his principle of maximum entropy as a first application of entropy concepts.
Suppose that all available information about some system with the collective of
events {oy,09,...,01} is incorporated in the m different expectation values of m
observables a,,

L
(ay) = Zpi a,(o;), v=1,2,....m. (47)
=1

What can be said about expectation values of other observables b(o;) and about
the unknown probabilities p; themselves? Jaynes proposed to estimate the proba-
bilities p;,2 = 1,2,..., L, as the “most uncertain” probability distribution compat-
ible with the expectation values in (47), i.e., the probability distribution P™** =

11



(pr*x, ..., pP®) with maximum Shannon entropy H subject to the constraints in
(47).

The principle of maximum entropy distinguishes a probability distribution P™2*
which has very favorable properties summarized in the following theorem. Informa-
tion measures other than Shannon entropy, such as (— Y- p?), are much more difficult
to handle.

Theorem: The maximum entropy distribution subject to the constraints (47) has
the form

max 1 - )
p] :Zexp{_z_:l)\yay(o-j)}7 ]:1727“‘7L7 (48)

where the “partition function” 7 is the normalization constant

Z = éexp{_émy(@)}. (49)

Here, the coefficients A, (one such coefficient for each constraint) are Lagrange
multipliers depending on the expectation values in (47). In order to determine them,
the partition function 7 in (49) is used. As a typical example for a maximum entropy
distribution, consider the Boltzmann distribution

max 1 -

P = exp{—p0e(oy)}, 1=1,2,... L. (50)
where £(0;) is the “energy” of the event (e.g., molecular state) o;. The Lagrange
multiplier 3 is usually interpreted as an inverse temperature § = 1/kT'. Its particular
value depends on the “mean energy” w in the constraint

u = Epi e(oy). (51)

For the maximum entropy principle, it is important to include all available in-
formation into the constraints (47). But even if this is not done, one can sometimes
conclude from maximum entropy considerations what should have been included.
An example is the mean magnetization m of a Curie-Weiss model consisting of N
spins without external magnetic field below Curie temperature (Ellis 1985). We shall
discuss this model in the large deviation setting, since it will turn out in section (2.2)
below that large deviation statistics is a more refined way to treat maximum en-
tropy estimates, and that the crucial arguments cannot easily be grasped in Jaynes’
setting alone.

The Hamiltonian of the Curie-Weiss model without external field is given by

J N
Hy=—— Si Si, 52
N 2N Z']Z::I J ( )
where the spins are S; = 1 or S; = —1. If one takes only the mean energy w as in

(51) as a constraint, one arrives at the canonical distribution (50). The respective
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distribution density p]% = p]%(m) of the mean magnetization m turns out to have
two peaks as sketched in Fig. 1. This sort of distribution tells us that we actually
have two different regimes, one for negative and one for positive permanent mag-
netization. If we would study an underlying spin dynamics (such as the Glauber
dynamics used in numerical Monte Carlo simulations), it would turn out that for
finite N a change from negative to positive magnetization occurs only with low but
nonzero probability. Hence for finite NV the system is still ergodic, though this is
not necessarily visible on a short time scale. The larger the number N of spins, the
smaller the probability for changes between negative and positive magnetizations.
For infinite NV, this probability becomes zero and ergodicity is strictly broken.

This is to say that effectively one has only negative or only positive mean mag-
netization (depending on the initial state and after some transient time, if the mean
magnetization of the initial state is close to zero). The mean value [T°°m p%(m)dm
of the distribution of m is zero, but nevertheless mean magnetization zero arises with
low probability. Increasing the number N of spins leads to a more and more pro-
nounced two-peak distribution density of m with smaller and smaller peaks, and
finally there are two delta peaks left in the limit of infinitely many spins. Hence
the probability f+55 p%(m)dm to find a mean magnetization in the small interval

[—4, 4] around m = 0 goes rapidly to zero for increasing N. Actually

+8
[ pmydm ~ exp{=Nso} (53)

where sg is some positive scalar. In this way maximum entropy calculations lead
to the conclusion that another macroscopic observable besides mean energy has
been “overlooked”, namely the mean magnetization. Consequently an additional
constraint for the mean magnetization must be introduced.

The specific (mathematical) Massieu potential for a spin system admitting two

values, S; € {—1,+1} is

é(1) = In /

A et du(w) = In (%et + %e‘t) = In(cosh(t)), (54)

since the spin variable S; takes the values +1 and —1 with probability 1/2 each.
The Legendre transform of this Massieu potential can be computed as

1 — 1
Lpin(2) = 5 i In(1 —z2) + Tz In(l+2), |z]<1, (55)

Ipin(2) = oo, |z]>1. (56)

The distributions @ of the mean magnetization Zé\f:l S;/N fulfill a large deviation
result with respect to this entropy I. This result allows us to compute the specific
(physical, but large-deviation normalized) Massieu potential for the Curie-Weiss
model using Varadhan’s lemma:

dow(B) = Jim In [ exp(=BHN(w) i () (57)

N—oo
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— lim In /Q ) eXp{Nh@B (#) (w)} ™ () (58)

N—oo
= Nh_r}r;o Nln/Re 5B QN (da) (59)
= sup {hs,B(2) = Lspin(2)} (60)

where the function hg g is defined as

1
hsp:= BBz + 5@]22. (61)

Looking for the supremum in eq. (60) leads to the Curie-Weiss equation

1.1
()= s>
2 11—z

Wos(z) = B(B+J2) L 1!

spin (62)
yielding one or two solutions with a maximum in eq. (60), depending on whether or
not 3 > J~! (i.e., for situations below or above the critical point).

Moreover, a large-deviation result for the distributions of the mean magnetization
with respect to the canonical state at inverse temperature (3

b eNhes QN (dz
QN,h/BVB([CL?b]) = f:{ eNthBgN((dZ)) (63)

can be derived using eq. (33). The respective entropy is given as

Iew,g = Ispin — hg B — Zlng{ {Ispin — hp B} . (64)

If the temperature is below the Curie point, this leads to a nonconvex entropy low g
with two minima —mg and +mg (Ellis 1985) for negative and positive permanent
magnetization (for vanishing external field B = 0 see Fig. 2).

Such a nonconvex entropy tells us “how fast” a phase separation appears with
increasing number N of spins (at some fixed inverse temperature 3), i.e., “how fast”
the Curie-Weiss magnet concentrates on the usual equilibrium magnetizations —mg
and +mg. For infinitely many spins, there are only two equilibrium magnetizations,
whereas for a finite number of spins other mean magnetizations such as m = 0
arise in the canonical state below the critical Curie temperature. This is quite an
interesting result, though its derivation is technically simple (by use Varadhan’s
lemma) due to the mean-field structure of the Curie-Weiss Hamiltonian. We would
be interested to see a similar result for something like the van der Waals gas, showing
how the two phases (liquid and gas) separate with increasing number of particles.
Incidentally, the separation of background noise and foreground patterns in images
(Atmanspacher et al. 1995) or the separation of random and nonrandom components
in time series (Atmanspacher and Scheingraber 1999) can be based on related ideas.
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2.2 Deriving Jaynes’ Principle
From Large Deviations Statistics

The maximum entropy principle is of crucial importance in statistical physics. It
allows us, for example, to derive the canonical distribution for a given temperature.
What is the relation between this maximum entropy principle on the one hand and
large deviations statistics on the other? Can the maximum entropy principle be
derived in an appropriate large deviation setting? And, if yes, does large deviations
statistics provide results which lead beyond the maximum entropy principle?

In section 1.2 the general scheme of large deviations was introduced, but in our
examples only large deviation entropies with respect to some mean value (such as the
mean energy or the mean magnetization) were discussed. The corresponding large
deviation principles are called level I large deviation principles. Now we proceed a
step further to level I large deviations and look at entropies with respect to some
probability distribution (p1, p2,...,pam) as a whole. (Note that there is an extension
of large deviations statistics to level 11 (cf. Oono 1989) which remains disregarded
in this introductory paper.)

We shall use the same standard example of N particles as in section 1.2. Given
an ensemble w € Oy, a corresponding empirical distribution (or occupational dis-
tribution) Ly (w,-) is defined by

1 N
R>A — LN((.U, A) = N Z (SX](W)(A) . (65)
7=1

For convenience, A is some arbitrary measurable subset of the real numbers R;
0x,(w)(A) is 1if X;(w) is contained in A and 0 if not. If, for example, the ensemble
w € {5 is given as

W = (51753751751754), (66)

then the corresponding empirical distribution on (e, 9, ...,ea) is (3/5, 0, 1/5, 1/5,
0,0, ..., 0), and the corresponding empirical distribution on the real numbers (as

defined in (65)) is given as
3 1 1
L =26, 4+ 6., + =4, . 67

For a given number N of particles one gets an empirical distribution for every
w € Qy and therefore a distribution Q~ of empirical distributions. Level 11 large
deviations theory addresses the question which of these empirical distributions “sur-
vive” and which of them “die out” with increasing N. The conceptual connection
with Jaynes’ maximum entropy principle is as follows:

e The entropy H(p1,ps,...,pm) of some empirical probability distribution P =
(p1,p2, ..., pm) describes the decay rate of P with increasing number of parti-
cles N.
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e Only the empirical probability distribution with maximum entropy (subject
to the constraints in (47)) survives in the limit N — oc.

In Jaynes’ setting, only the empirical distribution with maximal entropy is con-
sidered. In a level II large deviation setting, the entropy is statistically relevant for
any empirical distribution. It describes the decay of this empirical distribution with
increasing N.

Sometimes entropies more general than the Shannon entropy have to be used to
describe situations where the random variables (particles) are not independent. If,
furthermore, the entropy function H is very flat (e.g., at a phase transition), then
empirical distributions other than the Boltzmann distribution can play an important
role even for large V. In such a case, the maximum entropy principle fails to give a
correct description of the situation.

The mathematical result connecting large deviations statistics and the maximum
entropy principle is Sanov’s theorem. We do not present its most general version here
but only a special case that is sufficient to understand our example of N independent
particles with energies ¥ := (&1,...,ex). Moreover, we avoid mathematical details
such as the correct formulation of the large deviation lower and upper bounds for
open and closed sets (of empirical distributions) and the correct (weak or strong)
topologies of the space of empirical distributions (cf. Deuschel and Stroock 1989).

Sanov’s theorem (Sanov 1957): Consider independent, identically distributed
random variables and their corresponding distributions QV of empirical distributions

on measurable sets D (C M;(X)) defined by
QN (D) := N {w € Qy : Ly(w,-) € D} . (68)

Here M;(X) is the set of all probability measures on the set ¥ of energies. Then the
following level II large deviation principle holds:

Jim QYD) = — (g 10) (69)

where the level II entropy [ iz) is defined as

Jfkm:zﬁéwhlci). (70)

The large deviation entropy [ﬁz) is the relative entropy of the empirical distribu-
tion v with respect to the measure . The measure p corresponds to the reference
measure of maximum entropy considerations. If p is the equipartition measure
(1/M,1/M, ..., 1/M), the large deviation entropy [f) is related to the Shannon
entropy H(v) by:

IPDw)y=InM - H(v). (71)

I

Since H(v) and [ﬁz)(y) have opposite sign, a maximum entropy in Jaynes’ setting
turns into a minimum entropy in the large deviation setting.
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The level I entropy IV = IY)(4) can be derived from the level II entropy [ﬁz)
by a so-called contraction principle: Denote by ®(u) := {v: [ 2v(dz) = u} the
set of all empirical distributions with mean energy w, i.e., the set of all empirical
distributions satisfying the constraint (51). Then

1MW) = inf I¥(w). (72)

veED(u) H
Consequently, the level I entropy IV = I()(u) can be computed as
IW(u) =1In M — sup H(,vay .y vm) . (73)

v has energy u

Note that the infimum of [#(02)(1/) turns into the supremum of H(v) since I and H
are of opposite sign.

This result — based on Sanov’s theorem — gives us a first hint for the under-
standing of the maximum entropy principle (Ellis 1985: p. 44, and lemma I11.4.5).
Suppose that we want to estimate a distribution v for which the only information
supplied is the mean energy u. Then eq. (73) suggests that the (unique) distribu-
tion Vmax. With maximum Shannon entropy (under the constraint that the energy
is ) might be the distribution looked for. A more detailed understanding of maxw
will be presented below.

Contraction principles can be formulated in a more general context. The math-
ematical basis is contained in the following two lemmas:

Lemma 1 (see Dembo and Zeitouni 1993, lemma 4.1.4): A family of probability
measures Q (e.g., distributions of the mean energy or distributions of empirical
distributions) on a regular topological space can have at most one entropy function
associated with its large deviation property.

Lemma 2 (see Dembo and Zeitouni 1993, theorem 4.2.1): Let X and Y be
Hausdorff topological spaces and f : X — Y a continuous function. Consider a
good rate function (i.e., entropy) [ : X — [0, c0].

(a) For each y € Y, define

I(y):==inf{I(z): 2 € X,y = f(x)}. (74)

[ is a good rate function (i.e., entropy) on Y, where as usual the infimum over the
empty set is taken as oc.

(b) If the entropy I controls the large deviation behavior associated with a family
of probability distributions Q~ on X, then I controls the large deviation behavior
associated with the family of probability distributions {Q™ o f~!} on Y.

Adapted to our situation, the space X is the space of empirical distributions
(on which the Shannon entropy and the related large deviation level 11 entropy [/ ELQ)
are defined), whereas Y is the space of possible mean energies, i.e., ¥ = R. The
function f relates the mean energy to every empirical distribution,

flv) = /Rl’l/(dl'). (75)
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Furthermore, if Q% is the distribution of empirical distributions, then {Q" o f=1}
is the distribution of mean energies. The contraction lemmas allow us to construct
non-convex entropy functions / starting from a convex entropy function [.

Large deviations statistics is applicable even if the moments of a distribution
(such as mean values) are not defined. In such cases one still has large deviations
level II statistics of empirical distributions, but the contraction principle does not
work since, e.g., the mean in Eq. (75) is infinite.

Let us now reconsider the connection between Sanov’s theorem and the maxi-
mum entropy principle. Since Jaynes’ constraints as in (51) are not incorporated in
Sanov’s theorem, we focus on empirical distributions with mean energy u, i.e., em-
pirical distributions v contained in the set ®(u) :={v : [ xv(dz) = u}. Restricting
Sanov’s large deviation result in (69) to ®(u) then leads to

lim — In QN(D) = — (iglf; 1D () — inf 1<2>(V)) ., DC o), (76)

Nooco N # veED(u) #

or, rewritten in terms of the Shannon entropy H = H(v)

lim ihq QN (D) = — ( sup H(v) —sup H(I/)) , D CP(u). (77)

N—co N ved®(u) veD

Here D are appropriate sets of empirical distributions.

Proof: Define a continuous function F' on the set M;(X) of all probability mea-
sures on the “set of energies” ¥ which takes the positive value R > 1 on the energy
shell [u — é,u + 0] and the value 0 outside the energy shell [u — d1,u + 1], where
§ < 6, are small positive numbers. Restrict the distributions @V to an energy shell
by setting (see eq. (33))

_ _Jaexp(NF(v)) Qn(dv) _
QN,energy shell(A) - fMlA(E) eXp(NF(I/)) QN(dV)a A g Ml(z), n = 1, 2, e (78)

Then by Varadhan’s lemma these distributions Q) n energy shen fulfill a large deviation
principle with respect to the entropy

I3} gy wen(v) = (IP W) = F(v)) = inf {IP(v) = F(v)}. (79)

energy shell VEM, (E)

If the constant R is large enough, we get a large deviation principle which is restricted
to the empirical distributions in the considered energy shell. This is nothing else than
(2) in Sanov’s theorem to the energy shell and normalizing
it to zero. Eq. (77) thus gives an energy rather than a distribution over an energy

shell.

The result in (77) is the derivation of Jaynes’ principle of maximum entropy

restricting the entropy [

in the scheme of large deviations statistics. The main differences between Jaynes’
principle and large deviations statistics are:
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e The maximum entropy principle focuses only on one particular empirical dis-
tribution, namely that with maximum entropy.

e Large deviations statistics accepts that additional empirical distributions (with
the same mean energy u) exist and describes how these other empirical distri-
butions “die out” with increasing number N of particles. The decay rate of
an empirical distribution v is given by the entropy I®(1). Hence the entropy
of arbitrary empirical distributions (and not just of equilibrium distributions)
has a well-defined statistical meaning.

This sort of explanation of the maximum-entropy principle assigns statistical mean-
ing to probability distributions even if they do not have maximum entropy.

3 Small Fluctuations

The large deviation approach was originally designed to address the decay of large
deviations with an increasing number of particles or dice throws etc. Now we shall
discuss so-called “small” fluctuations — proportional to the square root /N of the
number particles — which survive even for a large or infinite number of particles.
They are physically important; for instance they can become very large at phase
transitions. We shall see that the large deviation entropy also gives information
about the behavior of small fluctuations and not just large fluctuations.

The fact that only small fluctuations survive for N — oo (in the absence of phase
transitions) is expressed in the central limit theorem. It says that for a distribution
of independent and identically distributed random variables X;,7 = 1,2,..., one

has
N X, — NEX ~
2= X (X1) disgr N(0,0%) for N = o0. (80)
v N

which means that P[N='/22 | X; — NE(X,)] converges weakly to N(0,0?). Here
E(X7) is the expectation value of the random variable X; (identical to the expecta-
tion values of the other variables X;), and the variance o? is given by the variance

of X, i.e.,

ot =€ ((Xy — (X)) . (81)

The limit in (80) is taken with respect to the distribution of i.i.d. variables, and
N(0,0?) is the normal (Gaussian) distribution with variance .

Theorem (Martin-Lof 1982): Let X;, 5 = 1,2,..., satisfy a large deviations prop-
erty with an entropy function I admitting a unique minimum z*. Then the variance

0% in the central limit theorem is given as

B 1
- ]"(Z*) ’

0_2

(82)
where [” is the second derivative of the entropy function I.
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For example, in the Curie-Weiss model above the critical temperature 7., the
second derivative of the entropy Icw(z) at the minimum z = 0 can be computed as

1 z=0
win(2) = g p(2) = —-BJ = 1-pJ. (83)

1 — 22

Hence the variance o of the small fluctuations is given as 02 = (1 —3J)~!. In terms
of the temperature T' this gives

B 1 B T
B 1_ﬁ‘]_T_Tcrit

0_2

=t (84)

where the usual notation ¢t = (T — Ti)/T has been used. If 3 converges to the
critical value Beqe = J71, one therefore gets o ~ t=1/2_ This result can be compared
with the correlation length ¢ in mean-field models which behaves as € ~ t~/2 at the
critical point.

Martin-Lof’s theorem states that for a flat entropy function one gets a very large
2. For a phase transition, in particular, the second derivative I”(z*) of
the entropy function goes to zero and hence o? diverges. In this case one must be
extremely careful with applications of the maximum entropy principle. The large

variance o

deviation result in (77) tells us that — due to the flat entropy function — even for large
(but finite) N empirical distributions other than the equilibrium distributions may
survive (in all practical applications N is never infinite). Martin-Lo6f’s theorem, on
the other hand, makes clear that the variance of the small fluctuations (proportional
to \/N) diverges and therefore small fluctuations play an important role.

At the phase transition itself, the normalization of the global observables must
be chosen very carefully. The usual normalization as in the central limit theorem
cannot be used any more. The second derivative I”(z*) vanishes in the minimum z*,
but higher derivatives of I™") at z* can have nonzero values. In the case of the Curie-
Weiss model at the Curie temperature, the central limit theorem is replaced by the
result that the distribution Zé\f:l S;/N3/* converges to the non-Gaussian distribution
exp(—2*/12)/ [q exp(—2*/'?). The exponents 3/4 and 4/12 in this distribution are
connected with the behavior of the large deviation entropy ") at its minimum.
Therefore, the large deviation entropy does not only give information about large
deviations, but also about small deviations and fluctuations at phase transitions.

4 Non—I.I.D. Situations

Most of our examples so far were concerned with independent and identically dis-
tributed (i.i.d.) random variables. As the intensive coupling between the spin vari-
ables in the Curie-Weiss model demonstrates, however, random variables are not
always independent, or their independence is only an idealization. Successive psy-
chological experiments, for example, are typically correlated, and it may even be
that this correlation is just the interesting point.
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In this section we consider random variables which are not independent, replacing
the sum Zé\f:l X; by an “overall” stochastic variable Wyx. The respective large
deviation principle opens the way to applications which are not related to standard
statistical physics at all (cf. also section 5). The product measure ', which plays a
crucial role in i.i.d. situations, is now replaced by an arbitrary probability measure
Py on some measure space =y.

As mentioned in Sect. 1.2, the entropy V) is the Legendre transform of the
(specific) Massieu potential

n(t) = ——1In ( / ) e<fIWN<w>>PN(w)) | (85)

an

For independent random variables X, the Massieu potential (85) is given by

%m (/QN e<t|zjilxj<w>>ﬂw(w)) I (/Q e<t|X1(‘”)>/,L(w)) _ (86)

If the X, are independent and identically distributed, ¢n does not depend on N,
no limit N'— oo is required, and the Massieu potential is continuous and differen-
tiable. In the general case of non-i.i.d. situations, differentiability is not a necessary
consequence of arbitrarily chosen stochastic variables Wy and arbitrarily chosen
probability measures Py, and limy_ ., ¢n does not necessarily exist.

If the limit ¢(t) = limy 0 ¢n (1) exists nevertheless and is differentiable, i.i.d. con-
ditions are not required to derive large deviation results. The following is a (very)
special case of the Fllis-Gdrtner theorem (Dembo and Zeitouni 1993; theorem 2.3.6):
Assume that the limit ¢(¢) = limy_o ¢n(t) for an appropriate sequence ay exists
in R (often ay = N is sufficient) and is differentiable. Then the Legendre transform

1W(z) == sup{tz — ¢(1)} (87)

teR
serves as a large deviation entropy for the large deviation principle

lim Lhq QY ([a,b]) = — inf [(1)(2). (88)

N—=co aN Ze[a7b]

5 Multifractals

As an example, consider some measure p describing the chemical growth of an aggre-
gate. For instance, p = p(B) can be the aggregation probability at the surface of the
aggregate where B is an arbitrary measurable subset of the surface. The support of
the measure p, supp(p), is partitioned into boxes (2-, 3-, or d-dimensional, depend-
ing on the situation) of size §. These boxes are called B} ,m = 1,2,..., Ms. For
the large deviation result to be derived, we do not consider energies of particles but
the random variables In{p( B’ )}. The normalization with respect to the number of
particles N is replaced by a normalization with respect to |[Ind|. The corresponding
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(non-normalized) Massieu potential in the multifractal formalism is usually defined

as (Falconer 1990)

1 Ms 5
75(q) = |1n(5)|1n (ﬂ;lp(Bm)) (89)
1

- mwnm(zyy%wwﬂ .
1

m=1
= qln{p(Bfn)} .
|M@HHO%AF@%MQG fﬂ@ﬂ (91)
_ InM; 1 in{o(B3)) .
~ [In(9)] * |In(d)] tn (/Kl(;:{l,?,...,M(;} ‘ Ps(dj) | - (92)

The probability measure Ps is constant on {5 (equiprobability) and distinguishes
the second term in (92) as an expression 75 of large deviation type. The first term in
(92) converges to the box counting dimension of the support supp(p) of the measure
p. Hence the Massieu potential 7(¢) = lims_,o 75 can be formulated as

7(q) = lim 7s(q) = dimp{supp(p)} + 7(9) (93)

where dimp{supp(p)} is the box-counting dimension of the support of the measure p,
which corrects the “wrong” normalization of the Massieu potential used. Here 7 is
the Massieu potential with the correct large-deviation conform normalization. If the
Massieu potential 7(¢) = lims_o 75(¢) exists and is differentiable, a large-deviation
result for the distribution Qs of In{p(B%)}/[In(8)| follows from the Gartner-Ellis

theorem in Sect. 4. This result is:

. In{Qs([a,0])} _ in o
LR I R .

where [ is the Legendre transform of the Massieu potential 7, i.e., I(a) = sup, cg(go—
7(q)). The large deviation entropy I describes how fast (with decreasing §) certain
values of « die out.

If the scaling assumption

nfp(B)}
1 /4 _ 95
550 [In(e)] (95)
holds at some point x, one has
p(By) ~ 67, (96)

where B? is the box of size § containing the point . Hence the exponent a describes
the scaling behavior of the measure p around the point x, and ()5 is the distribution of
scaling exponents. These formal considerations on scaling exponents can be given a
rigorous mathematical meaning in certain (non-representative) examples. The large
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deviation result (94), on the other hand, is always rigorous as long as the Massieu
potential is differentiable. Under the assumption of this differentiability, it follows
that

I{a) = sup {ga —7(q)} = (97)
= sup {go — (7(q) — dimp{supp(p)})} = (98)
= dimp{supp(p)} + sup {ga —7(q)} = (99)
= dimp{supp(p)} — mf f {g(—a) +7(q)} = (100)
= dimp{supp(p)} — ( a) (101)

where the definition

fla):= inf {g(a) +7(q)} (102)

has been used.

Halsey et al. (1986) introduced the function f(«) (a “spectrum of singularities”)
as the Legendre transform of 7 rather than 7 (cf. also Mandelbrot 1974). The
relation between this f(«) spectrum and the large deviation entropy [ is then given
by (cf. Riedi 1995 for a careful investigation):

f(a) = inf{aa +7(q)} = dimp{supp(p)} = [(~a). (103)

Here 7 is a convex function, and f = f(«) is a concave function (Falconer 1990).
Note that the usual mathematical Legendre transform as previously defined trans-
forms convex functions into convex functions. The corresponding mathematical
Legendre transform for concave functions ¢ is given as inf,cr(ga — ¥(q)).

The maximum of f(«) gives the box counting dimension of supp(p). In certain
(non-representative) situations, it can be shown that the support supp(p) is the
union of the sets S,

Sai=A{z €supp(p) :  p(B)) ~ 6} (104)

and that f(«) is the Hausdorff dimension of the sets S,. In general, f(«) is convex
over a finite range of scaling exponents a. By contrast to single fractals whose scaling
behavior is completely characterized by a single value of «, multifractals have to be
characterized by a function f(«). The theory of multifractals is a typical example
for large deviations at level I.

Physical situations are always bound to finiteness, and therefore the mathemat-
ical background of the large deviations theory with limits as in (88) is not directly
applicable to data from real measurements. In such cases, large deviation techniques
have to be properly and carefully adapted to the specific situation considered. If
a system is not “sufficiently” large or cannot be observed “sufficiently” long, the
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empirical distribution itself has to be considered as a stochastic object whose fluctu-
ations are studied. An example for such a large deviations level Il scaling approach
is discussed by Atmanspacher and Scheingraber (1999). For more information on

the use of large deviation techniques in the area of complex systems research see,

e.g.

6

, Aizawa (1989), Young and Crutchfield (1994), and Seppalainen (1995).

Figure Captions

Figure 1: Schematic representation of a typical distribution of the specific magne-

tization of the Curie-Weiss model below the Curie temperature.

Figure 2: Schematic representation of an entropy function Syean in the sense of

7

large deviations theory, describing the Curie-Weiss model below the Curie
temperature.
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